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❡stá♥ ❞❡✜♥✐❞♦s s♦❜r❡ ❧❛ ❜❛s❡ ❞❡ ❧♦s ❝♦st♦s ❞❡ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❡♥❡r❣í❛✱ q✉❡ ✐♥❝❧✉②❡♥ ❧♦s ♥✐✈❡❧❡s ❞❡ ♣ér❞✐❞❛s
❞❡ ❡♥❡r❣í❛ ② ♣♦t❡♥❝✐❛✳ ❊♥ ❧❛ ♠❡❞✐❞❛ ❡♥ q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛s tr❛♥s❢❡r❡♥❝✐❛s r❡❝✐❜✐❞❛s ♣♦r ❧❛s ❡♠♣r❡s❛s ♠ás
s✉s ✈❡♥t❛s✱ ❞❡❜❡♥ s❡r s✉✜❝✐❡♥t❡s ♣❛r❛ r❡❝✉♣❡r❛r ❡❧ ✈❛❧♦r ❞❡ s✉s ✐♥✈❡rs✐♦♥❡s ② ❞❡ s✉s ❝♦st♦s ✭✈❡r ❛rtí❝✉❧♦
✹✹✮✱ ❛ ❧❛ ✈❡③ q✉❡ ❡❧ ❞✐♥❡r♦ ❢❛❧t❛♥t❡ ♣❛r❛ ♣❛❣❛r ❧❛ t♦t❛❧✐❞❛❞ ❞❡❧ ❝♦♥s✉♠♦ ❞❡ ❧♦s ✉s✉❛r✐♦s r❡s✐❞❡♥❝✐❛❧❡s✱
q✉❡ ♣❛❣❛♥ ✉♥ ♣r❡❝✐♦ ♠❡♥♦r ❛❧ ❝♦st♦ ❞❡ ♣r❡st❛❝✐ó♥ ❞❡❧ s❡r✈✐❝✐♦ ✶✱ ❡s ❝✉❜✐❡rt♦ ❝♦♥ r❡❝✉rs♦s ❞❡❧ ♣r❡s✉♣✉❡st♦
♥❛❝✐♦♥❛❧ ✭✈❡r ❛rtí❝✉❧♦ ✹✼✮✱ ♥♦ s♦♥ ❧♦s ❝♦♥s✉♠✐❞♦r❡s q✉✐❡♥❡s ❝♦♠♣❡♥s❛♥ ❞✐r❡❝t❛♠❡♥t❡ ❛ ❧❛ ❡♠♣r❡s❛ s✉s
♣ér❞✐❞❛s ❡♥❡r❣ét✐❝❛s ❞❡ ❢♦r♠❛ ❝♦♠♣❧❡t❛✱ s✐♥♦ q✉❡ ❧♦ ❤❛❝❡ ❡❧ r❡❣✉❧❛❞♦r✳ P♦r ❡s❛ r❛③ó♥✱ ♥✉❡str♦ ♣r✐♥❝✐♣❛❧
❡stá ❞❡✜♥✐❞♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❡s♣❡r❛♥③❛ ❞❡❧ ❜✐❡♥❡st❛r s♦❝✐❛❧✱ q✉❡ ✐♥❝♦r♣♦r❛✱ t❛♥t♦ ❧❛ ✉t✐❧✐❞❛❞ ❡s♣❡r❛❞❛
❞❡❧ ❛❣❡♥t❡✱ ❝♦♠♦ ❧❛ ✉t✐❧✐❞❛❞ ❞❡❧ ❝♦♥s✉♠✐❞♦r r❡♣r❡s❡♥t❛t✐✈♦ ❝♦♠♦ ❡♥ ✭▲❛✛♦♥t✱ ✶✾✾✹✮✳ ❆ ❞✐❢❡r❡♥❝✐❛ ❞❡
✭▲❛✛♦♥t✱ ✶✾✾✹✮✱ ♥✉❡str♦ ♠♦❞❡❧♦ ♥♦ ❡s ❡stát✐❝♦ s✐♥♦ ❞✐♥á♠✐❝♦ ❤❛❝✐❛ ❡❧ ✐♥✜♥✐t♦✱ ❞♦♥❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡
❡♥❡r❣í❛ ✭❡❧ s❡r✈✐❝✐♦ ❞❡ ❧❛ ❡♠♣r❡s❛✮ ❡stá ❞❡s❝r✐t❛ ♣♦r ✉♥ ♠♦✈✐♠✐❡♥t♦ ❜r♦✇♥✐❛♥♦ st❛♥❞❛r❞ ② ♣♦r ❡❧ ❡s❢✉❡r③♦
❞❡ ❧❛ ❡♠♣r❡s❛✳ ▼❡t♦❞♦❧ó❣✐❝❛♠❡♥t❡✱ s❡❣✉✐♠♦s ❛ ❙❛♥♥✐❦♦✈ ✭✷✵✵✽✮✳ ❆✉♥q✉❡ ❡❧ ♠♦❞❡❧♦ ❞❡ ❙❛♥♥✐❦♦✈ ✭✷✵✵✽✮
♥♦ ✐♥❝♦r♣♦r❛ ❧❛ ✉t✐❧✐❞❛❞ ❞❡ ❧♦s ✉s✉❛r✐♦s ❛❣r❡❣❛❞♦s✱ ✐♠♣✉❡st♦s ❞✐st♦rs✐♦♥❛❞♦r❡s ♥✐ ❧❛s ✈❡♥t❛s ❞❡ ❧❛ ✜r♠❛
✶▲♦s ✉s✉❛r✐♦s r❡s✐❞❡♥❝✐❛❧❡s ❞❡ ❡str❛t♦s ❛❧t♦s ② ❧♦s ✉s✉❛r✐♦s ♥♦ r❡s✐❞❡♥❝✐❛❧❡s✱ ♣❛❣❛♥ ✉♥ ♣r❡❝✐♦ ♠ás ❛❧t♦ ♣❛r❛ s✉❜s✐❞✐❛r ❡❧
❝♦♥s✉♠♦ ❞❡ ❧♦s ✉s✉❛r✐♦s q✉❡ ♣❛❣❛♥ ✉♥ ♣r❡❝✐♦ ✐♥❢❡r✐♦r ❛❧ ❝♦st♦✱ ♣❡r♦ ❧♦s ♣r❡❝✐♦s ♠ás ❛❧t♦s ♥♦ ❡①❝❡❞❡♥ ❡❧ ✷✵✪ ❞❡❧ ❝♦st♦ ❞❡
♣r❡st❛❝✐ó♥ ❞❡❧ s❡r✈✐❝✐♦✳ ❱❡r ❛rtí❝✉❧♦ ✹✼✳
✶
❝♦♠♦ sí ❧♦ ❤❛❝❡♠♦s ❡♥ ést❛ ✐♥✈❡st✐❣❛❝✐ó♥✱ ♥♦s ❡s út✐❧ ♣❛r❛ ♣r❡s❡♥t❛r ❧❛ s♦❧✉❝✐ó♥ ❛ ♥✉❡str♦ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦✱
❡♥ ❡❧ q✉❡ ❡❧ ♣r♦❞✉❝t♦ ✭❡♥❡r❣í❛ ❞✐str✐❜✉í❞❛ ❡♥ ♥✉❡str♦ ❝♦♥t❡①t♦✮ s✐❣✉❡ ✉♥ ♣r♦❝❡s♦ ❞❡ ❞✐❢✉s✐ó♥ ❝♦♥ ❞❡r✐✈❛✱
❞❡t❡r♠✐♥❛❞♦ ♣♦r ❡❧ ❡s❢✉❡r③♦ ♥♦ ♦❜s❡r✈❛❜❧❡ ♦ ✈❡r✐✜❝❛❜❧❡ ❞❡ ❧❛ ✜r♠❛✳
❊st❡ ❛rtí❝✉❧♦ ❝♦♥tr✐❜✉②❡ ❛ ❧❛ ❧✐t❡r❛t✉r❛ ❡♥ ✈❛r✐♦s ❛s♣❡❝t♦s✳ Pr✐♠❡r♦✱ ♥✉❡str♦ ❡s❢✉❡r③♦ ❡stá ❡♥❢♦❝❛❞♦ ❡♥
❞❡r✐✈❛r ✉♥❛ r❡❣✉❧❛❝✐ó♥✱ ♦ ❝♦♥tr❛t♦✱ ❝♦♥ ✉♥❛ ♣❡rs♣❡❝t✐✈❛ t❡ór✐❝❛ q✉❡ t❡♥❣❛ s❡♥t✐❞♦ ❡♥ ❧❛ ♣rá❝t✐❝❛✱ ❛❧ ✐♥❝❧✉✐r
❡①♣❧í❝✐t❛♠❡♥t❡ ❧♦s ❧í♠✐t❡s ✐♥❢♦r♠❛❝✐♦♥❛❧❡s ❞❡ ❧♦s r❡❣✉❧❛❞♦r❡s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✜r♠❛ r❡❣✉❧❛❞❛✱ ❛sí ❝♦♠♦
❧❛ r❡❛❝❝✐ó♥ ❞❡ ❧❛ ✜r♠❛ ❛ ❧❛ ♥✉❡✈❛ r❡❣✉❧❛❝✐ó♥✳ ❙❡❣✉♥❞♦✱ ♥✉❡str♦ ❛♥á❧✐s✐s ❤❛❝❡ ❡①♣❧í❝✐t♦ q✉❡ ❡❧ ❛♠❜✐❡♥t❡
❝♦♥tr❛❝t✉❛❧✱ ♦ r❡❣✉❧❛❝✐ó♥ t❛r✐❢❛r✐❛✱ ❡s ❞✐♥á♠✐❝♦✱ ❧♦ ❝✉❛❧ t✐❡♥❡ ✐♠♣❧✐❝❛❝✐♦♥❡s s♦❜r❡ ❧♦s ✐♥❝❡♥t✐✈♦s ❞❡ ❧❛ ✜r♠❛✱
q✉❡ s♦♣❡s❛ s✉s ❡s❝❡♥❛r✐♦s ❞❡ ❝♦rt♦ ② ❧❛r❣♦ ♣❧❛③♦✳ ❊♥ ✉♥ ❡s❝❡♥❛r✐♦ ❞✐♥á♠✐❝♦✱ ❧❛s ❞❡❝✐s✐♦♥❡s ❞❡ ❧❛ ✜r♠❛✱ s♦✲
❜r❡ ❡❧ tr❛❜❛❥♦ ✭❡s❢✉❡r③♦✮ q✉❡ ❤❛❝❡ ♣❛r❛ r❡❞✉❝✐r ♣ér❞✐❞❛s ❡♥❡r❣ét✐❝❛s✱ ❞❡♣❡♥❞❡ ❞❡ s✉ ✈❛❧♦r ❞❡ ❝♦♥t✐♥✉❛❝✐ó♥✱
❧♦ q✉❡ r❡s✉❧t❛ t❛♠❜✐é♥ ♠✉② ✐♥t✉✐t✐✈♦✳
✷ ❊❧ ▼♦❞❡❧♦
▲❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❡♥❡r❣í❛ Xt ❡s ♦❜s❡r✈❛❜❧❡ t❛♥t♦ ♣♦r ❡❧ ♣r✐♥❝✐♣❛❧ ✭❡❧ r❡❣✉❧❛❞♦r✮ ❝♦♠♦ ♣♦r ❡❧ ❛❣❡♥t❡
✭❧❛ ❡♠♣r❡s❛ ❞✐str✐❜✉✐❞♦r❛✮✳ ❊❧ ♣r✐♥❝✐♣❛❧ ♥♦ ♦❜s❡r✈❛ ❡❧ ❡s❢✉❡r③♦ At ❞❡❧ ❛❣❡♥t❡✱ s✐♥♦ q✉❡ ✉s❛ ❧❛s r❡❛❧✲
✐③❛❝✐♦♥❡s ❞❡ Xt ♣❛r❛ ♦❢r❡❝❡r❧❡ ❛❧ ❛❣❡♥t❡ ❝♦♠♣❡♥s❛❝✐♦♥❡s ♣♦r ✐♥❝✉rr✐r ❡♥ ❧♦s ❝♦st♦s ❞❡ ❡❥❡❝✉t❛r ✉♥ ❡s✲
❢✉❡r③♦✳ ❊❧ ♣r✐♥❝✐♣❛❧✱ ❧❡ ♦❢r❡❝❡ ❛❧ ❛❣❡♥t❡ ✉♥ ❝♦♥tr❛t♦ q✉❡ ❡s♣❡❝✐✜❝❛ ✉♥ ✢✉❥♦ ❞❡ tr❛♥s❢❡r❡♥❝✐❛s ♥♦ ♥❡❣❛t✐✈❛s
T̂t(Xs; 0 ≤ s ≤ t) ∈ [0,∞)✱ s♦❜r❡ ❧❛ ❜❛s❡ ❞❡ ❧❛s ❡♥tr❡❣❛s ❞❡ ❡♥❡r❣í❛ ♦❜s❡r✈❛❞❛s✳ ❊❧ ❛❣❡♥t❡✱ ♣❡r❝✐❜❡ ✉♥❛
✉t✐❧✐❞❛❞ u(·) ❞❡r✐✈❛❞❛ ❞❡ ❧❛s tr❛♥❢❡r❡♥❝✐❛s q✉❡ r❡❝✐❜❡ ② ❞❡ s✉s ✐♥❣r❡s♦s ♣♦r ❞✐str✐❜✉❝✐ó♥ ❞❡ ❡♥❡r❣í❛✳ ❆s✉♠✐✲
♠♦s q✉❡ ❧❛ ✉t✐❧✐❞❛❞ u : [0,∞) → [0,∞) ❡s ✉♥❛ ❢✉♥❝✐ó♥ C2 ❝r❡❝✐❡♥t❡ ② ❝ó♥❝❛✈❛ t❛❧ q✉❡ u(0) = 0 ② u′(x) → 0









❉♦♥❞❡ ❧❛ t❛s❛ ❞❡ ❞❡s❝✉❡♥t♦ r ❡s✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞✱ ❝♦♥st❛♥t❡ ❛ tr❛✈és ❞❡❧ t✐❡♠♣♦✱ R(·) s♦♥ ❧♦s ✐♥❣r❡s♦s
♦❜t❡♥✐❞♦s ♣♦r ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❡♥❡r❣í❛✱ At ❡❧ ❡s❢✉❡r③♦ ② T̂t ❡s ✉♥❛ tr❛s❢❡r❡♥❝✐❛ ♠♦♥❡t❛r✐❛ ❤❛❝✐❛ ❧❛ ✜r♠❛
❞❡s❞❡ ❡❧ r❡❣✉❧❛❞♦r q✉❡ s❡ ✜♥❛♥❝✐❛ ❝♦♥ ✐♠♣✉❡st♦s✳ ❊❧ ♣r♦❝❡s♦ ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❡♥❡r❣í❛ ❡❧é❝tr✐❝❛ ❡♥tr❡✲
❣❛❞❛✱ Xt✱ ❡stá ❞❡s❝r✐t♦ ♣♦r ✉♥❛ ❝♦♥st❛♥t❡ σ ② ✉♥ ♠♦✈✐♠✐❡♥t♦ ❜r♦✇♥✐❛♥♦ Z = {Zt,Ft, 0 ≤ t < ∞} s♦❜r❡
(Ω,F ,Q)✱ t❛❧ q✉❡ ❤❛st❛ ❡❧ t✐❡♠♣♦ t✱ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❡♥❡r❣ét✐❝❛ s✐❣✉❡ ❧❛ s✐❣✉✐❡♥t❡ ❞✐♥á♠✐❝❛✿
dXt = Atdt+ σdZt ✭✷✮
❊❧ ❡s❢✉❡r③♦ ❞❡❧ ❛❣❡♥t❡ ❡s ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ A = {At ∈ A, 0 ≤ t < ∞} ♠❡❞✐❜❧❡ ♣r♦❣r❡s✐✈❛♠❡♥t❡ ❝♦♥
r❡s♣❡❝t♦ ❛ Ft✱ ❞♦♥❞❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡s❢✉❡r③♦s ❢❛❝t✐❜❧❡s✱ A✱ ❡s ❝♦♠♣❛❝t♦ ❝♦♥ ❡❧❡♠❡♥t♦ ♠í♥✐♠♦ ✵✳ ❚❛♠❜✐é♥
✷
❛s✉♠✐♠♦s q✉❡ ❡①✐st❡ ✉♥ γ0 > 0 t❛❧ q✉❡ h(a) ≤ γ0a ♣❛r❛ t♦❞♦ a ∈ A
▲❛ ✉t✐❧✐❞❛❞ q✉❡ ♦❜t✐❡♥❡♥ ❧♦s ✉s✉❛r✐♦s ❛❣r❡❣❛❞♦s ♣♦r ❡❧ ❝♦♥s✉♠♦ ❞❡ ❡♥❡r❣í❛ ❡♥ ✉♥ t✐❡♠♦♣ t✱ ❡s S(Xt)
② ❛s✉♠✐♠♦s q✉❡ ❧❛ r❡♥✉♥❝✐❛ ❛ ❧♦s ✐♥❣r❡s♦s✱ ♣♦r ✈❛❧♦r ❞❡ T̂t✱ ♣❛r❛ ❡♥tr❡❣árs❡❧♦s ❛❧ r❡❣✉❧❛❞♦r ✭✐♠♣✉❡st♦s✮✱ ②
s✉ tr❛♥s❢❡r❡♥❝✐❛ ❤❛❝✐❛ ❧❛ ✜r♠❛✱ t✐❡♥❡ ✉♥ ❝♦st♦ s♦❝✐❛❧ λ✱ ✐✳❡✳ ❡st❛♠♦s ❡♥ ❡❧ ❡s❝❡♥❛r✐♦ ♠ás ♣❧❛✉s✐❜❧❡ ❞♦♥❞❡
❧♦s ✐♠♣✉❡st♦s s♦♥ ❞✐st♦rs✐♦♥❛❞♦r❡s✳ ❉❡ t❛❧ ♠❛♥❡r❛✱ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❧❛ ✉t✐❧✐❞❛❞ t♦t❛❧ ❞❡❧ ❝♦♥s✉♠✐❞♦r
r❡♣r❡s❡♥t❛t✐✈♦ ❡♥ ❡❧ t✐❡♠♣♦ t ❡s
[S(Xt)−R(Xt)− (1 + λ)T̂t]dt ✭✸✮






e−rt[S(Xt)−R(Xt)− (1 + λ)T̂ + u(T̂t +R(Xt), At)]dt
]
✭✹✮
❈♦♠♦ ❡s st❛♥❞❛r❞ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✱ ❞❡❝✐♠♦s q✉❡ ✉♥ ♣r♦❝❡s♦ ❞❡ ❡s❢✉❡r③♦s {At, 0 ≤ t < ∞} ❡s ❝♦♠♣❛t✐❜❧❡
❝♦♥ ❧♦s ✐♥❝❡♥t✐✈♦s✱ ♦ ✐♥❝❡♥t✐✈♦✲❝♦♠♣❛t✐❜❧❡✱ ❝♦♥ r❡s♣❡❝t♦ ❛ {T̂t, 0 ≤ t < ∞} s✐ ♠❛①✐♠✐③❛ ❧❛ ✉t✐❧✐❞❛❞ ❡s♣❡r❛❞❛
❞❡❧ ❛❣❡♥t❡✳
✷✳✶ Pr♦❜❧❡♠❛ Pr✐♥❝✐♣❛❧✲❆❣❡♥t❡
❊❧ ♣r♦❜❧❡♠❛ ❞❡❧ r❡❣✉❧❛❞♦r ✭❡❧ ♣r✐♥❝✐♣❛❧✮✱ ❡s ♦❢r❡❝❡r❧❡ ❛ ❧❛ ✜r♠❛ ✭❡❧ ❛❣❡♥t❡✮ ✉♥ ❝♦♥tr❛t♦✱ q✉❡ ❝♦♥st❛ ❞❡ ❞♦s
♣❛rt❡s✿ ✉♥ ✢✉❥♦ ❞❡ tr❛♥s❢❡r❡♥❝✐❛s {T̂t, 0 ≤ t < ∞} ❝♦♥t✐♥❣❡♥t❡ ❛ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❡♥❡r❣ét✐❝❛ r❡❛❧✐③❛❞❛✱ ② ❧❛
s♦❧✐❝✐t✉❞ ❞❡ ✉♥ ♥✐✈❡❧ ❞❡ ❡s❢✉❡r③♦ ✐♥❝❡♥t✐✈♦✲❝♦♠♣❛t✐❜❧❡ {At, 0 ≤ t < ∞}✱ q✉❡ ♠❛①✐♠✐③❛ ❧❛ ❡s♣❡r❛♥③❛ ❞❡❧
❜✐❡♥❡st❛r s♦❝✐❛❧ ✭❡①♣r❡s✐ó♥ ✹✮✱ s✉❥❡t♦ ❛ q✉❡ t❛❧ ❝♦♥tr❛t♦ ❧❡ r❡♣r❡s❡♥t❡ ❛ ❧❛ ✜r♠❛✱ ✉♥ ✈❛❧♦r r❡q✉❡r✐❞♦ ✭❝♦st♦









❈♦♥ ❡❧ ♣r♦♣ós✐t♦ ❞❡ ❝❛r❛❝t❡r✐③❛r ❧❛ r❡❣✉❧❛❝✐ó♥ ó♣t✐♠❛ ❡♥ ❧❛s s✐❣✉✐❡♥t❡s s❡❝❝✐♦♥❡s✱ s❡❣✉✐♠♦s ❛ ❙❛♥♥✐❦♦✈
✭✷✵✵✽✮✱ ② ❞❡♥♦t❛♠♦s ❝♦♠♦ Wt✱ ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ ❡st❛❞♦ ❞❡✜♥✐❞❛ ❝♦♠♦ ❧❛ ✉t✐❧✐❞❛❞ t♦t❛❧ q✉❡ ♦❜t✐❡♥❡ ❧❛ ✜r♠❛
❞❡s♣✉és ❞❡ ✉♥ t✐❡♠♣♦ t✱ ❞❡ t❛❧ ♠❛♥❡r❛✱ q✉❡ ❡♥ ❡❧ ❝♦♥tr❛t♦ ó♣t✐♠♦ ❧❛ ✈❛r✐❛❜❧❡ Wt q✉❡ ❡s ♦❜s❡r✈❛❜❧❡ ♣♦r ❡❧
r❡❣✉❧❛❞♦r✱ ❝❛♠❜✐❛ ❝♦♥ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❡♥❡r❣í❛ ❞✐str✐❜✉✐❞❛✱ ② ❞❡t❡r♠✐♥❛ t❛♥t♦ ❧❛s tr❛♥s❢❡r❡♥❝✐❛s q✉❡ r❡❝✐❜❡
❡❧ ❛❣❡♥t❡ ❡♥ ❝❛❞❛ t ❝♦♠♦ ❡❧ ❡s❢✉❡r③♦ q✉❡ s❡ ❧❡ s♦❧✐❝✐t❛✳ ▲❛ ❡✈♦❧✉❝✐ó♥ ❞❡ Wt✱ q✉❡ ❧❧❛♠❛r❡♠♦s ✈❛❧♦r ❞❡
❝♦♥t✐♥✉❛❝✐ó♥ ❞❡ ❧❛ ✜r♠❛✱ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧❛ r❡❝♦♠♣❡♥s❛ ♦ ❝♦♠♣❡♥s❛❝✐ó♥ t♦t❛❧ ❞❡ ❧❛ ✜r♠❛✱ Vt✱ ❝♦♠♦












❉♦♥❞❡ T̂t = T̂ (Wt) ② At = A(Wt)✳ P♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ▼❛rt✐♥❣❛❧❛s ❞❡ ❑❛r❛t③❛s ❛♥❞
❙❤r❡✈❡ ✭✶✾✾✶✮✱ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦




































u(T̂ (Wt) +R(Wt), A(Wt))
)
ds+ e−rt(Wt) ✭✽✮
② ❞❡r✐✈❛♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ✻ ② ✽ ❡ ✐❣✉❛❧á♥❞♦❧❛s✱ ♦❜t❡♥❡♠♦s
dWt = r (Wt − u(T (Wt) +R(Wt), A(Wt))) dt+ rY (Wt) (dXt −A(Wt)dt) ✭✾✮
❉♦♥❞❡ rY (Wt) ❡s ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❞❡❧ ✈❛❧♦r ❞❡ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡ ❧❛ ✜r♠❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❡♥❡r❣í❛
❞✐str✐❜✉✐❞❛✳ ❊♥ ❡❧ ❝♦♥tr❛t♦ ó♣t✐♠♦✱ Y (Wt) t♦♠❛ ❡❧ ✈❛❧♦r ♠í♥✐♠♦ q✉❡ ♣❡r♠✐t❡ ♦ ✐♥❞✉❝❡ ✉♥ ♥✐✈❡❧ ❞❡ ❡s❢✉❡r③♦








❊st❛ ❢✉♥❝✐ó♥ ❞❡ ✉t✐❧✐❞❛❞ ❡①♣♦♥❡♥❝✐❛❧ ❡s ❡stá♥❞❛r ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ❞❡ t❡♦rí❛ ❞❡ ❝♦♥tr❛t♦s ✭✈❡r ❡✳❣✳ ❲✐❧❧✐❛♠s
✭✷✵✶✺✮ ② ▲✐ ❛♥❞ ❲✐❧❧✐❛♠s ✭✷✵✶✺✮✮ ❈♦♥ ♣r♦♣ós✐t♦s ❞❡ ❡①♣♦s✐❝✐ó♥ ❡①♣r❡s❛♠♦s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ✉t✐❧✐❞❛❞ ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛






◆♦t❡ q✉❡ ❡❧ ❝♦st♦ ❞❡❧ ❡s❢✉❡r③♦✱ h : A → R✱ ❡stá ♠❡❞✐❞♦ ❡♥ ❧❛s ♠✐s♠❛s ✉♥✐❞❛❞❡s q✉❡ ❧❛ ✉t✐❧✐❞❛❞ ❞❡ ❧❛s
tr❛♥s❢❡r❡♥❝✐❛s ② ❡s ❝♦♥t✐♥✉♦✱ ❝r❡❝✐❡♥t❡✱ ❝♦♥✈❡①♦ ② ♥♦r♠❛❧✐③❛❞♦✱ t❛❧ q✉❡ h(0) = 0✳
P❛r❛ ❡♥❝♦♥tr❛r ❡❧ ✈❛❧♦r ❞❡ Y (Wt) ♠í♥✐♠♦ q✉❡ ♣❡r♠✐t❡ ♦ ✐♥❞✉❝❡ ✉♥ ♥✐✈❡❧ ❞❡ ❡s❢✉❡r③♦ a(Wt)✱ q✉❡
♠❛①✐♠✐③❛ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❡❧ ❝❛♠❜✐♦ ❡s♣❡r❛❞♦ ❞❡Wt ② ❡❧ ❝♦st♦ ❞❡❧ ❡s❢✉❡r③♦ h(A) ❞❡ ❧❛ ✜r♠❛✱ ♣r❡s❡♥t❛♠♦s
❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥✿
Pr♦♣♦s✐❝✐ó♥✿ P❛r❛ ✉♥❛ ❡str❛❣✐❛ A✱ s❡❛ Yt ❡❧ ♣r♦❝❡s♦ q✉❡ r❡♣r❡s❡♥t❛❛ W (T̂ , R,A) ♠❡♥❝✐♦♥❛❞♦ ❛rr✐❜❛✱ ✳
❊♥t♦♥❝❡s✱ A ❡s ó♣t✐♠♦ s✐ ② só❧♦ s✐✿
∀a ∈ A YtAt − e
−λ(T̂t+Rt)[h(At)
λ] ≥ Yta− e
−λ(T̂t+Rt)[h(a)λ], 0 ≤ t < ∞
✹









❝♦♠♦ ❧❛ ❡s♣❡r❛♥③❛ ❡♥ ❡❧ t✐❡♠♣♦ t ❞❡❧ ♣❛❣♦ t♦t❛❧ q✉❡ r❡❝✐❜❡ ❡❧ ❛❣❡♥t❡✱ s✐ ♣❡r❝✐❜❡ ✉♥ ❝♦st♦ ❞❡❧ ❡s❢✉❡r③♦ ❞❡




u(T̂ (Wt) +R(Wt), A
∗(Wt))
)
dt− re−rtWt(T̂ +R,A)dt+ e
−rtdWt(T̂ +R,A) ✭✶✷✮
❈♦♠♦ dWt = r (Wt − u(T (Wt) +R(Wt), A(Wt))) dt+ rY (Wt)σdZt ❝♦♥ σdZt = (dXt −A(Wt)dt) ✭♣♦r




u(T̂ (Wt) +R(Wt), A
∗(Wt))
)
dt− re−rtut(T̂ +R,A)dt+ rY (Wt)σdZt ✭✶✸✮





























































λ) ∀t ≥ 0
❉❡♥♦t❛♠♦s ❡❧ ✈❛❧♦r ♠í♥✐♠♦ q✉❡ ♣❡r♠✐t❡ ♦ ✐♥❞✉❝❡ ✉♥ ♥✐✈❡❧ ❞❡ ❡s❢✉❡r③♦ a(Wt) ❝♦♠♦
γ(A) = min{Y ∈ [0,∞) : A ∈ arg maxA′∈AY A
′ − h(A′)} ✭✶✺✮
❊s ❞❡❝✐r✱ γ(A) ❡s ❡❧ ✈❛❧♦r ❞❡ Y (Wt)✱ ❝✉❛♥❞♦ ❧❛ ✜r♠❛ ♠❛①✐♠✐③❛ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❡❧ ❝❛♠❜✐♦ ❡s♣❡r❛❞♦ ❞❡
Wt ② ❡❧ ❝♦st♦ ❞❡❧ ❡s❢✉❡r③♦ h(A)✿
Y A∗ − e−λ(T̂t+Rt)[h(A∗)λ]
❆❧ ♠✐s♠♦ t✐❡♠♣♦✱ ♠á①✐♠♦ ❜✐❡♥❡st❛r s♦❝✐❛❧✱ ❞❡♥♦t❛❞♦ ❝♦♠♦ F (Wt)✱ q✉❡ s❡ ♦❜t✐❡♥❡ ❝✉❛♥❞♦ ❡❧ r❡❣✉❧❛❞♦r
❡♥tr❡❣❛ ❛ ❧❛ ✜r♠❛ ✉♥ ✈❛❧♦r Wt✱ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛s ❡❧❡❝❝✐♦♥❡s ó♣t✐♠❛s ❞❡ A(W ) ② T̂ (W ) ♠❡❞✐❛♥t❡
✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮✳ ❉❛❞♦ q✉❡ ❡❧ ♣r♦❝❡s♦ W ❡s ❞❡ ▼❛r❦♦✈✱ ❡s ♣♦s✐❜❧❡ ✉s❛r
♣r♦❣r❛♠❛❝✐ó♥ ❞✐♥á♠✐❝❛ ② ❡❧ t❡♦r❡♠❛ ❞❡ ✈❡r✐✜❝❛❝✐ó♥ ❛♣❧✐❝❛❞♦ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❞✐♥á♠✐❝❛s q✉❡ ❝♦♠❜✐♥❛♥
♣r♦❝❡s♦s ❞❡ ❞✐❢✉s✐ó♥ ② ❞❡ s❛❧t♦s ❞❡ ♣♦✐ss♦♥ ✭❖❦s❡♥❞❛❧ ❛♥❞ ❙✉❧❡♠ ✭✷✵✵✾✮✱ ❋❧❡♠✐♥❣ ❛♥❞ ❙♦♥❡r ✭✷✵✵✻✮ ②
❍❛♥s♦♥ ✭✷✵✵✼✮✮✳ ❆sí✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ✈❛❧♦r ó♣t✐♠♦ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ❡s ✭♦♠✐t✐♠♦s ❧♦s s✉❜✲í♥❞✐❝❡s ❞❡ t✐❡♠♣♦
♣♦r s✐♠♣❧✐❝✐❞❛❞✮✿










❞♦♥❞❡ f(T̂ , A) = [S(X) − R(X) − (1 + λ)T̂ + u(T̂t + R(X)) − h(A)] ② ❡❧ ó♣t✐♠♦ ❞❡ R(X) ❧♦ r❡s✉❡❧✈❡
❧❛ ✜r♠❛ ❝♦♥♦❝✐❡♥❞♦ ❧♦s ó♣t✐♠♦s ❞❡ ❧❛s tr❛♥s❢❡r❡♥❝✐❛s ② ❡❧ ❡s❢✉❡r③♦✳ ❊❧ t❡♦r❡♠❛ ❞❡ ✈❡r✐✜✐❝❛❝✐ó♥ ♣❡r♠✐t❡
❡s❝r✐❜✐r ❡st❛ ❢✉♥❝✐ó♥ ❝♦♠♦ ❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥ ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧ ♥♦ ❧✐♥❡❛❧ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ t✐♣♦
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮✿
− rF (W ) + sup
T̂ ,A
{
BT̂F (W ) + f(T̂ , A)
}
= 0 ✭✶✼✮
P❛r❛ ❝❛❞❛ T̂ ≥ 0, A ≥ 0 ❡❧ ♦♣❡r❛❞♦r BT̂ ,A ❡s
BT̂ ,AF (W ) = [r
(












P♦r ♦tr♦ ❧❛❞♦ ♣❛r❛ ❝❛❞❛ W ∈ R✱ ❡❧ ♠á①✐♠♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❍❏❇ s❛t✐s❢❛❝❡
(T̂ (W ), A(W )) = argmax
T̂ ,A
{




− rF̂ (W ) + sup
T̂ ,A
{
BT̂ ,AF̂ (W ) + f(T̂ (W,F ′(W ), A(W,F ′(W )))
}
= 0 ✭✷✵✮
❊❧ t❡♦r❡♠❛ ❞❡ ✈❡r✐✜❝❛❝✐ó♥ ❡st❛❜❧❡❝❡ q✉❡✱ F = F̂ ❣❛r❛♥t✐③❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ r❡❣❧❛ ❞❡ ♣♦❧ít✐❝❛ ó♣t✐♠❛
T ∗ ② A∗ t❛❧ q✉❡ T ∗ = t̂(W ) ② A∗ = a(W )✱ q✉❡ r❡s✉❡❧✈❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❍❏❇✳ ▲❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛
❡❝✉❛❝✐ó♥ ❞❡ ❍❏❇ ▼❛①✐♠✐③❛❞❛ ❡stá ❞❛❞❛ ♣♦r✿
rF (W ) = max
a>0,t̂>0
[S −R− (1 + λ)t̂+ u(t̂+R)− h(a)]





❊s ❞❡❝✐r✱ ❡❧ ♠á①✐♠♦ ❜✐❡♥❡st❛r s♦❝✐❛❧ ♣❛r❛ ✉♥ Y ❞❛❞♦✱ ❞❡♥♦t❛❞♦ ❝♦♠♦ F (Wt)✱ q✉❡ s❡ ♦❜t✐❡♥❡ ❝✉❛♥❞♦
❡❧ ♣r✐♥❝✐♣❛❧ ❡♥tr❡❣❛ ❛❧ ❛❣❡♥t❡ ✉♥ ✈❛❧♦r Wt✱ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛s ❡❧❡❝❝✐♦♥❡s ó♣t✐♠❛s ❞❡ a(W ) ② t̂(Wt)
♠❡❞✐❛♥t❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮✳
✸ ❘❡❣✉❧❛❝✐ó♥ Ó♣t✐♠❛
❊♥ ❡st❡ ❡s❝❡♥❛r✐♦✱ ✉♥ ❝♦♥tr❛t♦ ó♣t✐♠♦ ❡s♣❡❝✐✜❝❛ ✉♥❛s tr❛♥s❢❡r❡♥❝✐❛s r❡❝✐❜✐❞❛s ♣♦r ❧❛ ✜r♠❛ {T̂t, t ≤ τ}✱
✉♥ ❡s❢✉❡r③♦ {At, t ≤ τ} s♦❧✐❝✐t❛❞♦ ❡♥ ❡❧ ❝♦♥tr❛t♦✱ q✉❡ s❡❛ ✐♥❝❡♥t✐✈♦✲❝♦♠♣❛t✐❜❧❡✱ ② ✉♥ t✐❡♠♣♦ ❞❡ ♣❛r❛❞❛ τ
❝✉❛♥❞♦ ❧❛ ✜r♠❛ r❡❝✐❜❡ ❡❧ ✈❛❧♦r Wτ ❣❡♥❡r❛♥❞♦ ❡❧ ♠á①✐♠♦ ❜✐❡♥❡st❛r s♦❝✐❛❧✳ ❈♦♠♦ ❡s ✉s✉❛❧ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛











❞♦♥❞❡ F0(Wτ ) ❡s ❡❧ ❜✐❡♥❡st❛r s♦❝✐❛❧ ♠á①✐♠♦✷✱ ❛s♦❝✐❛❞♦ ❛❧ ✈❛❧♦r ❞❡ ❝♦♥t✐♥✉❛❝✐ó♥ Wτ ❞❡ ❧❛ ✜r♠❛ ❡♥ ❡❧
t✐❡♠♣♦ τ ✳ ❊❧ ❝♦♥tr❛t♦ ó♣t✐♠♦ t❛♠❜✐é♥ ❞❡❜❡ s❛t✐s❢❛❝❡r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ q✉❡✱ ❧❛s tr❛♥s❢❡r❡♥❝✐❛s q✉❡ s❡ ❧❡
❡♥tr❡❣❛♥ ❛ ❧❛ ✜r♠❛✱ r❡♣r❡s❡♥t❡♥ ✉♥ ❜❡♥❡✜❝✐♦ ✐♥✐❝✐❛❧ W0 ≥ W̃ ♠❛②♦r ❛ ❧❛ ❣❛♥❛♥❝✐❛ q✉❡ r❡❝✐❜✐rí❛ ❡♥ ♦tr❛






e−rt[u(T̂t +Rt)− h(At)]dt+ e
−rtWτ
]






e−r(s−t)[u(T̂s +Rs)− h(As)]ds+ e
−r(τ−t)Wτ |Ft
]
≥ Ŵ ♣❛r❛ t♦❞♦ t ≤ τ
✭✷✸✮
✷➱st❡ r❡s✉❧t❛❞♦ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡❧ t❡♦r❡♠❛ ✸ ❞❡ ❙❛♥♥✐❦♦✈ ✭✷✵✵✽✮ ♣á❣✐♥❛ ✾✻✾
✼
❉❡♥♦t❛♥❞♦ ❝♦♠♦ t̃(Wt) ② ã(Wt) ❛ ❧♦s ♦♣t✐♠✐③❛❞♦r❡s ❞❡ ❧❛ ❍❏❇ ❛s♦❝✐❛❞❛ ❛ ❧❛ ❢✉♥❝✐ó♥ F ≥ F0 ✭✈❡r
❡①♣r❡s✐ó♥ ✷✶✮✱ ❡♥ ❡❧ ❝♦♥tr❛t♦ ó♣t✐♠♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✜r♠❛ ✐♥✐❝✐❛ ❡♥ W0 ② ✈❛ ❝❛♠❜✐❛♥❞♦ ❞❡ ❛❝✉❡r❞♦ ❛
dWt = r
(
Wt − u(T̂t +Rt) + h(At))
)
dt+ rγ(At) (dXt −Atdt) ✭✷✹✮
❞♦♥❞❡ T̂ = t̃(Wt) ② At = ã(Wt)✱ ② γ ✈✐❡♥❡ ❞❡s❝r✐t♦ ♣♦r ❧❛ ❡①♣r❡s✐ó♥ ✶✺✳
❘❡❢❡r❡♥❝❡s
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